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Large-Scale Parallel Unstructured Mesh Computations
for Three-Dimensional High-Lift Analysis

D. J. Mavriplis¤ and S. Pirzadeh†
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A complete geometry to drag polar analysis capabilityfor three-dimensionalhigh-liftcon� gurations is described.
The approach is based on the use of unstructured meshes to enable rapid turnaround for complicated geometries
that arise in high-lift con� gurations. Special attention is devoted to creating a capability for enabling analyses
on highly resolved grids. Unstructured meshes of several million vertices are initially generated on a workstation
and subsequently are re� ned on a supercomputer. The � ow is solved on these re� ned meshes on large parallel
computers using an unstructured agglomerationmultigrid algorithm.Good prediction of lift and drag throughout
the range of incidences is demonstrated on a transport takeoff con� guration using up to 24:7 £ 106 grid points.
The feasibility of using this approach in a production environment on existing parallel machines is demonstrated,
as well as the scalability of the solver on machines using up to 1450 processors.

I. Introduction

T HE computation of three-dimensional high-lift � ows consti-
tutes one of the most challenging steady-state aerodynamic

analysis problems today. Three-dimensional high lift is typically
characterizedby complicatedgeometries, involving � aps, slats, and
hinge fairings, in addition to very complex � ow physics that must
be captured adequately to provide a useful predictive capability for
the design process.

Unstructured grid techniques offer the potential for greatly re-
ducing the grid generationtime associatedwith such problems.Fur-
thermore, unstructuredmesh approachesenable the use of adaptive
meshing techniques that hold great promise for increasing solution
accuracy at minimal additional computational cost. However, un-
structured mesh solvers require signi� cantly higher computational
resources than their structuredgrid counterparts, thus limiting their
applicability for large three-dimensionalcalculations.

Because of the inherent complexities of high-lift � ows (both
geometric and � ow physical), the accurate analysis of such � ows
requires highly resolved grids. Current estimates place the require-
ments for accurateReynolds-averagedNavier–Stokes high-liftanal-
ysis of a complete transport aircraft con� guration in the range of
107¡108 grid points. This represents problems over an order of
magnitudelarger than are currentlyconsideredpracticalfor unstruc-
tured mesh methods. The considerationof such problems gives rise
to signi� cant challenges not only in the � ow solution process, but
also in the grid generation procedure, which is usually performed
locally on a workstation.

The rapid advances in parallel computer architectures,with their
large aggregate memory capacity and CPU power, have reached
the point where such calculations can be considered in a practical
sense. This is particularly true for unstructured mesh techniques,
which havebeen shown to scale very favorablyon massivelyparallel
machines using hundreds of processors.1¡3

The goal of this work is to demonstrate a complete geometry to
drag polar practical high-lift analysis capability, based on unstruc-
tured mesh techniques, using up to 25 £ 106 grid points for a full
aircraftcon� guration.The approach involvesthe generationof mul-
timillionpointunstructuredmesheson a workstation,the re� nement
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of these grids by an order of magnitudeon a supercomputer,and the
solution of the � ow on these re� ned grids in a matter of hours on
large parallel computers. Scaling of the solver on machines using
up to 1450 processors is demonstrated.

II. Tetrahedral Mesh Generation
The computational grids employed were generated with the

NASA LangleyResearch Center unstructuredgrid generationcodes
GridTool and VGRIDns. The subject geometry, known as the en-
ergy ef� cient transport (EET), consists of a fuselage,wing, leading-
edge slats, and trailing-edge� aps in a high-lift positionand involves
complexitiessuch as sharp cornersand small gaps between multiple
components.

The geometry, de� ned in the IGES format, is � rst converted
into a number of contiguous patches with the grid-utility interface
GridTool. The union of all patches, including the outer boundaries,
forms a solid surface that is used by VGRIDns for triangulation.
The grid characteristics such as spacings, grid stretching, rate of
growth, etc., are also prescribed by the user with GridTool to com-
plete the grid input � le. The processes of geometry preparationand
grid parameter setup with GridTool constitutes 50–90% of the total
grid-generationtime depending on the complexity of the geometry
de� nition.

The grid-generationtechnique used in VGRIDns is based on the
advancing-frontmethod (AFM)4 and the advancing-layersmethod
(ALM)5 and produces fully tetrahedral meshes. The generation of
viscous grids, containing thin layers of tetrahedral cells, is divided
into three main steps: 1) generation of a triangular surface grid by
the ALM and/or AFM, 2) generation of thin tetrahedral cells in the
boundarylayerby the ALM, and 3) generationof a regular (inviscid)
tetrahedral grid outside the boundary layer by the AFM. Although
the entireprocess is completedin separatestageswith this approach,
it is performed in a single run with automatic transitions from one
stage to another. Generation of inviscid grids is accomplished in a
similar fashion by simply skipping the second step.

Both the AFM and the ALM are based on the marching tech-
niques. Grids are generated with these methods by forming tetra-
hedral cells originating from triangulated boundaries and march-
ing into the computational domain. Unlike the conventionalAFM,
which introduces cells in the � eld in a totally unstructured man-
ner, the ALM generates layers of thin tetrahedral cells in a more
orderly fashion while maintaining many advantageous features of
theAFM. The newstrategyreducesthegrid-generationcomplexities
which usuallyarise from � oating-pointoperations(FLOPs) of small
numbers associated with extremely small viscous grid spacings.

During the AFM and ALM marching processes, information re-
garding the grid point distributions is provided by a transparent
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Cartesian background grid overlaying the entire domain.6 Included
in the background grid are a number of point and line sources
prescribed by the user. The grid characteristics are smoothly dif-
fused from the sources onto the background grid nodes by solving
an elliptic equation. The problem is similar to that of the heat trans-
fer in a conducting medium. The smoothed parameters are then
interpolated from the background grid (and sources) during the un-
structured grid generation.

Two main operations are involved in the ALM: 1) computation
of surface vectors along which the grid points are distributedand 2)
construction of a pattern of compatible tetrahedral cell connectivi-
ties within the thin layers. The surface vectorsare calculatedusing a
robustiterativealgorithmbasedon an equal-anglecriterionfollowed
by a Laplacian smoothing operation.The connectivitiesamong the
tetrahedral cells are predetermined by an ef� cient, all-integer algo-
rithm that eliminates the need for a series of computer-intensive,
� oating-point calculations as used in the conventionalAFM.

Thin layers of tetrahedralcells are formedby insertingnew points
along the surface vectors and connectingthe points accordingto the
predeterminedconnectivitypattern.The distributionof points along
surface vectors is determined by the stretching function

dzi C 1 D dz1 £ [1 C a £ .1 C b/i ]i (1)

where dzi is the normal spacing of the i th layer, dz1 is the � rst layer
spacingprescribedby the user, and the factors a and b are constants
determining the rate of stretching.

The grid layers continue marching in the � eld until a unit aspect
ratio is reached, or some other limiting criteria, based on the back-
ground grid informationand/or proximityof the approachingfronts,
prevent them from further advancement. At this point, the process
automaticallyswitches from the advancing-layersto the advancing-
front mode to generate a regular grid outside the boundary layer.
With a common background grid controlling both methods, the
transition from thin layers to the regular grid becomes gradual and
continuous.Also, the fact that the number of layers varies from one
location to another adds to the � exibility of the method and the
smoothness of the generated grids.

A salient feature of VGRIDns is its ability to generate multidi-
rectional, anisotropically stretched grids in which the surface tri-
angles and tetrahedra in the � eld are elongated in user-prescribed
directions.7 With this capability, fewer points are distributed in the
directionsof reduced� owgradientswithout lossof grid resolutionin
otheressentialdirections.Grid stretchingwith VGRIDns is achieved
through prescribing a stretching direction and two spacings (along
and normal to the stretching direction) for each background grid
source. To minimize complications due to the marching of highly
stretchedcells, a local transformationis performedfor each new cell
being generated. The physical (stretched) space is mapped into an
isotropic frame, where equilateralgrid elementsare formed, and the
generated grid is back transformed to the physical space. Spanwise
grid stretching for transport-typecon� gurations results in at least a
factor of 3 reduction in the total number of grid points.

For the grids presented, the parameter dz1 was set to 1.35E¡06
wing chords, and the values of a and b in Eq. (1) were set to 0.4
and 0.01, respectively. Anisotropic grid stretching was mainly ap-
plied at the leading and trailing edges of the main wing and � aps in
the spanwise direction. The aspect ratios of the generated-grid ele-
ments (triangles on the surface and tetrahedra in the volume) vary
from a maximum value of about100:1 at the midspan leadingedges,
where the concentrationof points is maximum, to 1:1 at the surface
corners, fuselage, and in the � eld away from the geometry.

Several tetrahedral grids were generated for the present study.
The grid used as the basis for the coarse grid computations de-
scribed subsequently contains 115,489 boundary nodes, 3,107,075
total grid nodes, and 18,216,138 tetrahedral cells. Figure 1 shows
the surface grid along with the triangulationon the symmetry plane.
As evident, the triangles are highly stretched at the leading edges in
the spanwise direction. Also, the thin viscous layers are shown on
the symmetryplanearoundthegeometry.The level of spatial resolu-
tion is illustratedby Fig. 2, where a cross section of the volume grid
is given, showing tetrahedral cells around the multielement airfoil

Fig. 1 Surface grid for high-liftcon� gurationwith spanwise stretching
along slat leading edges.

Fig. 2 Two-dimensional cross section of volume grid at spanwise sta-
tion along wing.

geometry. Subdivision of this grid into 24:7 £ 106 points (as ex-
plained in the following sections) results in a doubling of the spatial
resolution in all three coordinate directions.

The grids were generated using a Silicon Graphics (SGI) Octane
workstation with a 195-MHz (R10000) processor. The entire pro-
cess, from CAD de� nition to the � nal postprocessed volume grid,
was completed in about 60 cumulative labor hours. As mentioned
earlier, a substantial percentage(in this case, more than 90%) of the
total grid-generation time was spent on the geometry preparation.
The surface and volume grids (� ne mesh) were generated in about
2.5 CPU h using the workstation.
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III. Prismatic Element Merging
The advancing-layers phase of the initial grid-generation pro-

cedure produces regularly shaped thin tetrahedral elements in the
boundary-layerregionsnear the geometry surface,which can easily
be merged into well-shaped prismatic elements.

There are several reasonswhy the use of prismaticelements rather
than tetrahedralelements in these regions is advantageous.First, for
the vertex-baseddiscretizationemployed, prismatic elements result
in fewer interconnecting edges than tetrahedral elements, for the
same set of unknowns. This has the effect of reducing the memory
and computational overheads because the residual assembly in the
solveris basedonan edgedatastructure.Becauseprismaticelements
contain almost half as many edges as tetrahedral elements, and up
to two-thirds of the grid elements are often merged into prisms, the
savings can be substantial.

Second, the use of prismatic elements provides a distinct de-
coupling in the discretization between the normal and tangential
directions in the boundary-layer regions, which is essential for the
success of the directionalline-implicitmultigrid algorithm to be de-
scribed.For highlystretchedtetrahedralelements, the strongnormal
connections (edges) and the strong diagonal connections cannot be
solved implicitly simultaneously,leading to a reducedeffectiveness
of the algorithm.8

Any accuracy bene� ts of using prismatic elements over tetra-
hedral elements in boundary-layer regions have not been proven
conclusively. On the other hand, it is generally acknowledged that
prismatic element discretizationsare at a minimum no less accurate
than the corresponding tetrahedral element discretizations.9

The output of the VGRIDns grid-generation program identi� es
each point generated in the viscous advancing-layers region with
the surface grid point (surface normal) from which it originated.
With this information, an algorithm can be devised for merging
successive triplets of tetrahedra into prismatic elements, as shown
in Fig. 3. Because the height of the advancing layers is nonuniform
across the geometry surface, special care must be taken to ensure a
consistent grid when merging the new prismatic elements with the
remainingtetrahedralelements.Grid inconsistenciescan arise in the
form of a hanging diagonal on a prismatic face that borders on two
tetrahedralneighbors,as shownin Fig. 4.Such situationsarehandled
by considering the total number of hanging diagonals on a given
prismatic element. Prisms containing three hanging diagonals (one
on each quadrilateral face) are resubdivided into three tetrahedra.
Prisms containing two compatible hanging diagonals are divided
into one tetrahedron and one pyramid. In cases where this is not
possible, that is, two incompatible hanging edges, or when there is
only one hanging diagonal, an additional vertex is inserted at the

Fig. 3 Merging of three suitable tetrahedra into a single prismatic
element.

Fig. 4 Insertion of new vertex and subdivision of prismatic element
with one noncompatible face diagonal.

middle of the prismatic element, which is then subdivided into one
pyramidand six tetrahedra(for two hangingedges) or two pyramids
and four tetrahedra (for one hanging edge). In practice, only a very
small number of additional vertices are required.

IV. Global Grid Re� nement
The generation of and � ow solution on large unstructuredgrids,

that is, more than 107 grid points, are not practical on current high-
end workstations.The memory and CPU-time requirements associ-
ated with grids of this size dictate the use of largeparallel supercom-
puters. Whereas unstructuredmesh � ow solvers havebeen shown to
parallelize effectivelyon such machines, success in grid-generation
parallelization has not been as forthcoming. In spite of several re-
search efforts in this area,10 parallelization of the grid-generation
process remains hindered by the complicated logic, the attention
devoted to special cases, and the need to easily and rapidly access
geometrical information and preprocessingtools, which most often
reside on workstations.

The strategy developed in this work consists of generating rela-
tively coarse unstructuredgrids on a workstation and re� ning these
grids on a large-memory supercomputer. The adjective relatively
needs to be stressed here because these initial grids usually contain
several million vertices (up to 20 £ 106 tetrahedra) and already rep-
resent the limit of what can be achieved on a high-end workstation.

Once the initial tetrahedral grid has been generated, it is merged
into a mixed prismatic–tetrahedral mesh, as described earlier. This
hybrid mesh is then shipped to a supercomputer, such as an SGI
Origin 2000, where it is globally re� ned by subdividing each
grid element (tetrahedra and prisms) into eight smaller self-similar
elements.11 This results in a factor of 8 increase in grid size. As an
example, the generationof a 24:7£106 point grid throughglobal re-
� nement of the 3:1 £106 point grid describedearlier requiredabout
30 min of CPU time on a single processor of the SGI Origin 2000.

Ultimately, themesh re� nementoperationshouldbeimplemented
in parallel.However, for expediencyat this stage,mesh re� nement is
performedsequentiallyona singleprocessorof theSGI Origin2000.
However, the access to a large central memory provided by the
cc-NUMA shared memory architectureof the SGI Origin 2000 is a
key enabling feature for the re� nement of large unstructuredgrids.
An additional bene� t of this approach is that the resulting large
grid is then available directly on the parallel machine for the � ow
computations, obviating the need to transfer large amounts of data
across the network. This approach naturally extends to adaptive
meshing strategies,which are planned for future work.

One drawback of the current approach is that newly generated
surfacepointsdo not lie exactlyon theoriginalsurfacedescriptionof
the model geometry, but rather along a linear interpolationbetween
previously existing coarse grid surface points. For a single level of
re� nement, this drawback is not expectedto have a noticeableeffect
on the results.An interface for reprojectingnew surface points onto
the original surface geometry is currently under consideration.

V. Base Solver
The Reynolds-averagedNavier–Stokes equations are discretized

by a � nite volume technique on meshes of mixed element types
that may include tetrahedra, pyramids, prisms, and hexahedra. All
elements of the grid are handled by a single unifying edge-based
data structure in the � ow solver.12

The governingequationsare discretizedusinga centraldifference
� nite volume technique with added arti� cial dissipation. The thin-
layer form of the Navier–Stokes equations is employed in all cases,
and the viscous terms are discretized to second-order accuracy by
� nite differenceapproximation.12 For multigridcalculations,a � rst-
order discretization is employed for the convective terms on the
coarse grid levels.

The basic time-stepping scheme is a three-stage explicit multi-
stage scheme with stage coef� cients optimized for high-frequency
damping properties13 and a Courant–Friedrichs–Lewy (CFL) num-
ber of 1.8. Convergence is accelerated by a local block Jacobi pre-
conditioner,which involves inverting a 5 £ 5 matrix for each vertex
at each stage.14¡17 A low Mach number preconditioner18¡20 is also
implemented.This is imperative for high-lift � ows that may contain
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large regions of low Mach number � ow particularly on the lower
surfaces of the wing. The low Mach number preconditioner is im-
plemented by modifying the dissipation terms in the residual as
described in Ref. 8 and then taking the corresponding linearization
of these modi� ed terms into account in the Jacobi preconditioner,a
process sometimes referred to as preconditioning2 (Refs. 8 and 21).

The single-equationturbulence model of Spalart and Allmaras22

is utilized to account for turbulence effects. This equation is dis-
cretized and solved in a manner completely analogous to the � ow
equations, with the exception that the convective terms are only
discretized to � rst-order accuracy.

VI. Directional Implicit Multigrid Algorithm
An agglomeration multigrid algorithm12;23;24 is used to further

enhance convergence to steady state. In this approach, coarse lev-
els are constructed by fusing together neighboring� ne grid control
volumes to form a smaller number of larger and more complex
control volumes on the coarse grid. Although agglomerationmulti-
grid delivers very fast convergencerates for inviscid � ow problems,
the convergenceobtained for viscous � ow problems remains much
slower, even when employing preconditioning techniques as de-
scribed in the preceding section. This slowdown is mainly due to
the largedegreeof gridanisotropyin the viscousregions.Directional
smoothing and coarsening techniques8;25 can be used to overcome
this aspect-ratio-inducedstiffness.

Directional smoothing is achieved by constructing lines in the
unstructured mesh along the direction of strong coupling, that is,
normal to the boundary layer, and solving the implicit system along
these lines using a tridiagonal line solver. A weighted graph algo-
rithm is used to construct the lines on each grid level, using edge
weights based on the stencil coef� cients for a scalar convection
equation. This algorithm produces lines of variable length. In re-
gions where the mesh becomes isotropic, the length of the lines
reduces to zero (one vertex, zero edges), and the preconditioned
explicit scheme described in the preceding section is recovered.An
example of the set of lines constructed from the two-dimensional
unstructuredgrid in Fig. 5 is shown in Fig. 6.

In the agglomeration multigrid algorithm, coarse-level grids are
constructedby fusingtogetheror agglomeratingneighboringcontrol
volumes to form a coarser set of larger but more complex control
volumes.A multigridcycle consistsof performinga time step on the
� ne grid of the sequence,transferringthe � ow solutionand residuals
to the coarser level, performing a time step on the coarser level,
and then interpolating the corrections back from the coarse level to
update the � ne grid solution. The process is applied recursively to
the coarser grids of the sequence.

In previous work, a directional agglomeration strategy has been
shown to speedconvergenceforproblemsinvolvinghighlystretched
meshes.3;25 However, coarsening factors are presently limited to a
ratio of 4:1 between � ne and coarse levels, when employing a di-

Fig. 5 Unstructured grid for three-element airfoil; number of points =
61,104, wall resolution = 10¡ 6 chords.

Fig. 6 Directional-implicit lines constructed on grid of Fig. 5 by
weighted-graph algorithm.

rectional coarsening algorithm. This leads to additional memory
overheads for the storage of these levels. In the interest of reduc-
ing overall memory requirements, to enable the solution of larger
grid sizes, the directional coarsening strategy has been temporar-
ily abandoned in favor of the simpler isotropic coarsening strat-
egy, which produces coarsening ratios of the order of 8:1 (Ref. 12).
Whereas overall memory requirements are reduced due to the more
rapid coarsening rates, observed convergence rates are somewhat
slower than those reported previously using the directional coars-
ening strategy.3;25

VII. Parallel Implementation
The unstructured multigrid solver is parallelized by partitioning

the domain using a standard graph partitioner26;27 and by commu-
nicating between the various grid partitions running on individ-
ual processorsusing the Message-Passing-Interface (MPI) library.28

Distributed-memoryexplicitmessage-passingparallel implementa-
tions of unstructuredmesh solvers have been discussed extensively
in the literature.29¡31 In this section we focus on the nonstandard
aspects of the present implementation that are particular to the
directional-implicitagglomeration multigrid algorithm.

In the multigrid algorithm, the verticeson each grid level must be
partitioned across the processorsof the machine. Because the mesh
levels of the agglomeration multigrid algorithm are fully nested, a
partition of the � ne grid could be used to infer a partition of all
coarser grid levels. Whereas this would minimize the communica-
tion in the intergrid transfer routines, it affords little control over
the quality of the coarse grid partitions. Because the amount of in-
tragrid computation on each level is much more important than the
intergridcomputationbetween each level, it is essential to optimize
the partitions on each grid level rather than between grid levels.
Therefore, each grid level is partitioned independently.This results
in unrelated coarse and � ne grid partitions. To minimize intergrid
communication,the coarse levelpartitionsare renumberedsuch that
they are assigned to the same processoras the � ne grid partitionwith
which they share the most overlap.

For each partitioned level, the edges of the mesh that straddle
two adjacent processors are assigned to one of the processors, and
a ghost vertex is constructed in this processor, which corresponds
to the vertex originally accessed by the edge in the adjacent pro-
cessor, as shown in Fig. 7. During a residual evaluation, the � uxes
are computed along edges and accumulatedto the vertices.The � ux
contributionsaccumulated at the ghost vertices must then be added
to the � ux contributionsat their correspondingphysicalvertex loca-
tions to obtain the complete residual at these points. This phase in-
curs interprocessorcommunication.In an explicit(or point-implicit)
scheme, the updates at all points can then be computed without any
interprocessor communication once the residuals at all points have
been calculated. The newly updated values are then communicated
to the ghost points, and the process is repeated.
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Fig. 7 Creation of internal edges and ghost points at interprocessor
boundaries.

Fig. 8 Line edge contraction and creation of weighted graph for mesh
partitioning; V and E are vertex and edge weights, respectively.

The use of line solvers can lead to additional complications for
distributed-memoryparallel implementations.Because the classical
tridiagonal line solve is an inherently sequential operation, any line
that is split between multiple processorswill result in processorsre-
mainingidlewhile theoff-processorportionof their line is computed
on a neighboringprocessor.However, the particular topology of the
line sets in the unstructuredgridpermitpartitioningthe mesh in such
a manner that lines are completely contained within an individual
processor, with minimal penalty (in terms of processor imbalance
or additional numbers of cut edges). This can be achieved by us-
ing a weighted-graph-based mesh partitioner such as the Chaco26

or MeTiS27 partitioners. Weighted-graph partitioning strategies at-
tempt to generate balanced partitions of sets of weighted vertices
and to minimize the sum of weighted edges that are intersected by
the partition boundaries.

To avoid partitioning across implicit lines, the original un-
weighted graph (set of vertices and edges) that de� nes the un-
structured mesh is contracted along the implicit lines to produce
a weighted graph. Unity weights are assigned to the original graph,
and any two vertices that are joined by an edge that is part of an
implicit line are then merged together to form a new vertex. Merg-
ing vertices also produce merged edges, as shown in Fig. 8, and the
weights associated with the merged vertices and edges are taken as
the sum of the weights of the constituentverticesor edges.The con-
tracted weighted graph is then partitionedusingone of the partition-
ers described in Refs. 26 and 27, and the resulting partitionedgraph
is then decontracted, that is, all constituent vertices of a merged
vertex are assigned the partition number of that vertex. Because
the implicit lines reduce to a single point in the contracted graph,
they can never be broken by the partitioning process. The weight-
ing assigned to the contracted graph ensures load balancing and
communication optimization of the � nal uncontracted graph in the
partitioning process.

Fig. 9 Comparison of unweighted (upper) and weighted (lower) 32-
way partition of two-dimensional mesh.

As an example, the two dimensional mesh in Fig. 5, which con-
tains the implicit lines shown in Fig. 6, has been partitioned both
in its original unweighted uncontracted form and by the graph con-
traction method just described. Figure 9 shows the results of both
approaches for a 32-way partition. The unweighted partition con-
tains 4760 cut edges (2.6% of total), of which 1041 are line edges
(also 2.6% of total), whereas the weighted partition contains no in-
tersected line edges and a total of 5883 cut edges (3.2% of total),
that is, a 23% increase over the total number of cut edges in the
nonweighted partition.

Because of the large size of the grids considered, all preprocess-
ing operationsmust be performedon a largeparallel supercomputer.
This includes the global grid-re�nement procedure, the agglomera-
tion procedure, the partitioningof the various coarse and � ne multi-
grid levels, and the determinationof the interprocessorcommunica-
tion schedules.This is mostly due to the largememory requirements
of these procedures, (which run between 50 and 75% of the mem-
ory requirements of the � ow solver, that is ¼1 kB per grid point),
rather than the CPU time requirements, which are small compared
to those of the � ow solver. At present, these procedures are exe-
cuted sequentially on a single processor of an SGI Origin 2000, but
use large portions of the memory of the entire machine. For ex-
ample, the various preprocessingoperations for a 24:7 £ 106 point
grid required between 10 and 20 GB of memory and between 45
and 90 min for each of the operations mentioned earlier. The se-
quential execution of large jobs of this nature is made possible by
the shared memory architecture of the SGI Origin 2000 and can-
not be performed on purely distributed memory machines such as
the Cray T3E. The complete parallelizationof these procedures for
distributed-memorymachines is planned for the near future.
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The run times just given also apply to the Chaco partitioner. The
exceptionwas the MeTiS partitioner,which managed to partitionthe
24:7£106 pointgrid in approximately10min, aboutfour times faster
than the Chaco partitioner.On the other hand, the Chaco partitioner
provided better load balancing in the � nal partitions, albeit with a
slightly larger number of cut edges, particularly for the coarse grid
levels of the multigrid sequence. The differences were still small
enough that a detailed study of the effect of the two partitioners on
parallel ef� ciency was not considered essential.

VIII. Scalability Study
The scalability of the directional-implicitmultigrid algorithm is

examined on an SGI Origin 2000 and a Cray T3E machine. The
SGI Origin 2000 machine contains 128 MIPS R10000 195-MHz
processorswith 286 MB of memory per processor, for an aggregate
memory capacity of 36.6 GB. The Cray T3E contains 512 DEC
Alpha 300-MHz processorswith 128 MB of memory per processor,
for an aggregate memory capacity of 65 GB.

The test case involvesa grid of 1:98£106 pointsover an ONERA
M6 wing at a Mach number of 0.1, an incidence of 2.0 deg, and
a Reynolds number of 3 £ 106 and is reproduced from Ref. 3.
Figures 10 and 11 show the relative speedups achieved on the two

Fig. 10 Observed speedups for ONERA M6 wing case (1:98 £ 106 grid
points) on SGI Origin 2000.

Fig. 11 Observed speedups for ONERA M6 wing case (1:98 £ 106 grid
points) on Cray T3E.

target hardware platforms for this case. For Figs. 10 and 11, per-
fect speedups were assumed on the lowest number of processors
for which each case was run, and all other speedups are computed
relative to this value. In all cases, timings were measured for the
single-grid (nonmultigrid) algorithm, the multigrid algorithmusing
a V cycle, and the multigrid algorithm using a W cycle.

Figures 10 and 11 reveal good scalability on both machines up
to the maximum number of processors.The better scalabilityof the
single-gridvs the multigrid algorithms is indicativeof the increased
volume of communication generated by the coarse-grid-level time
steppingin the multigridalgorithm.Althoughthe multigridW-cycle
algorithm displays slightly inferior scalability than the V-cycle or
single-grid algorithm, it provides the most rapid convergence and
is, thus, used exclusively for all subsequent calculations.

IX. Results
The high-lift � ow over a complete aircraft con� gurationhas been

computed for an entire range of incidences on two grids of differ-
ent resolution. The geometry consists of a twin-engine transport
known as the EET con� guration, which has been tested both as a
full span and semispan model in the NASA Langley Research Cen-
ter 14 £ 22 ft subsonic wind tunnel.32 The geometry studied in this
work contains no pylon or nacelle. The wing has an aspect ratio
of 10, a leading-edge sweep of 28.8 deg, and consists of a super-
critical airfoil section with a slat and double-slotted � ap. The case
studied in this work consists of a take-off con� guration, with a slat
de� ection of 50 deg, a vane de� ection of 15 deg, and a � ap de� ec-
tion of 30 deg, with respect to the main airfoil. The freestreamMach
number is 0.2, the Reynolds number is 1:6 £ 106 based on the wing
reference chord, and the experimental � ow incidence varies over a
range of ¡4 to 24 deg.

Experimental results are available in the form of force and mo-
ment coef� cients as a function of angle of attack and chordwise
pressure distributions at three spanwise locations. At the time of
writing, only the pressure distributions at 10-deg incidence were
accessible for comparison. Whereas Ref. 32 describes the experi-
ments on a semispan model with pylon and nacelle, the full-span
nacelle-off results used for comparison in this paper have not been
previously published. The computations are all performed at zero
yaw angle and, therefore, only include one-half of the symmetric
aircraft geometry, delimited by a symmetry plane. The coarse grid
for this case contained 3:1 £ 106 vertices and 18:2 £ 106 tetrahe-
dra. This grid was generateddirectly on an Silicon Graphics Octane
workstation,which requiredabout60 cumulativelaborhours for ge-
ometry and grid-generationparameter setup and 2.5 h for the actual
surface and volume grid generation. This tetrahedral grid was then

Fig. 12 Mixed prismatic–tetrahedral elements near fuselage nose re-
gion for 3:1 £ 106 point grid.
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merged into a mixed-element grid of 3:9 £ 106 prisms, 6:6 £ 106

tetrahedra,and 46,899 pyramids.The � ne grid was obtained by uni-
form re� nement of this mixed prismatic-tetrahedralgrid, resulting
in a grid of 24:7 £ 106 vertices,with 53 £ 106 tetrahedra, 31 £ 106

prisms, and 281,000 pyramids. The re� nement operation was per-
formed sequentially on a single processor of an SGI Origin 2000
and required approximately 10 GB of memory and 30 min of CPU
time. Figure 12 shows the mixed prism–tetrahedral nature of the
3:1 £ 106 point grid in the vicinityof the nose of the fuselage on the
symmetry plane. An illustrationof the computed solution at 10-deg
incidence on the 3:1 £ 106 point grid is given in Fig. 13 as a set of
surface pressure contours on the wing and � aps.

Fig. 13 Computed pressure contours on wing, slat, and � ap corner
areas on 3:1 £ 106 point mesh; Mach = 0.2, incidence = 10 deg, Re =
1:6 £ 106 .

The preconditioned line-implicit agglomeration multigrid algo-
rithm was employed to converge the solution to a steady state.
The isotropic agglomeration routine was used to reduce memory
overheads of the � ow solver, and scalar dissipation was employed
in the discretization. Five multigrid levels were employed in the
3:1£106 pointcase,with thecoarsestlevelcontainingonly1651ver-
tices. The convergence history on this grid for a � ow incidence of
10 deg is shown in Fig. 14. A residual reductionof 4 orders of mag-
nitude is observed in 600 multigrid cycles. However, the lift coef� -
cient remains within 0.1% of its � nal value after only 180 multigrid

Fig. 14 Convergence rate for coarse (3:1 £ 106 point) grid using � ve
multigrid levels and low Mach numberpreconditioningand � ne (24:7 £
106 point) grid using six multigrid levels and no preconditioning at 0.2
Mach number and 10-deg incidence.

Fig. 15 Convergence rate for � ne (24:7 £ 106 point) grid using � ve and
six multigrid levels with and without low Mach number preconditioning
at 0.2 Mach number and 10-deg incidence.
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cycles, so that an engineering result could be obtained with con� -
dence in about 300 cycles.

For the 24:7 £ 106 point grid case, convergence was hindered
by the behavior of the low Mach number preconditioner.Figure 15
shows a comparison between the convergence history obtained us-
ing six multigrid levels with and without the low Mach number
preconditioner, as well as using � ve multigrid levels without the
low Mach number preconditioner. In the preconditionedcase, con-
vergence stalls after roughly 2.5 orders of magnitude decrease in
the densityresiduals,whereasthenonpreconditionedcaseconverges
4 ordersof magnitude in 500 cycles. In fact, the convergencehistory
for the nonpreconditionedcase is nearly identical to that obtained
on the coarser grid, as shown in Fig. 14, which provides a good
illustration of the grid-independent convergence properties of the
multigrid algorithm. The addition of a sixth multigrid level in the
24:7 £106 point grid case (which containsonly 718 points, vs 2208

Fig. 16 De� nition of three spanwise stations for comparison of com-
puted and experimental pressure distributions.

Fig. 17 Comparison of computed and experimental surface pressure distributions at spanwise station A for 10-deg incidence case.

points on the � fth level) has almost no effect on the overall con-
vergence; therefore � ve multigrid levels were used in most of the
computations.

Although the preconditionedcase on the � ne grid failed to con-
verge the residuals monotonically, the lift coef� cient actually ap-
proaches its � nal value faster than in the nonpreconditioned case,
achieving a deviation smaller than 0.1% of its � nal value in just
110 multigrid cycles, as opposed to 260 cycles for the nonprecon-
ditioned case. It is speculated that the convergenceproblems of the
preconditionedcase may relate to the limiter required by such tech-
niques in regionsof stagnating� ow and may, therefore,be of a local
nature. However, because of the uncertainty generated by the lack
of residual convergence in the preconditioned cases, the complete
lift curve has been computedboth with and without preconditioning
for the 24:7 £ 106 point grid. This also affords the opportunity to
study the effect of the preconditioner on the � nal solution at var-
ious angles of attack. Low Mach number preconditioning affects
solution accuracy through a modi� cation of the eigenvalues used
to scale the arti� cial dissipation. Experimental values at the three
spanwise locations shown in Fig. 16 for an incidence of 10 deg are
compared in Figs. 17–19 with the computed surface pressures on
the coarse and � ne grids. For the � ne grid, the preconditioned and
nonpreconditionedresults are almost indistinguishable;hence, only
one set of � ne grid results is plotted. The differences between the
coarse and � ne grid values are rather small, with the � ne grid com-
putations providing slightly higher suction peaks at the main and
� ap leading edges. Both computational results compare favorably
with experimental values at all three stations.

A comparison between computed and experimental lift coef� -
cients as a function of angle of attack is given in Fig. 20 for both
grids. As expected, the � ne grid produces slightly higher lift coef-
� cients than the coarse grid. The effect of preconditioning on the
� ne grid lift values is very small. The experimental lift values are
overpredicted by both � ne and coarse grid results. However, the
slope of the lift curve is reproduced very accurately by both com-
putations.The maximum lift point, which experimentally occurs at
16-deg incidence, is well predicted by the coarse grid. The � ne grid
overpredicts the maximum lift incidence by 1 deg, giving a value
of 17 deg. In both cases the value of Clmax is overpredicted.These
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Fig. 18 Comparison of computed and experimental surface pressure distributions at spanwise station B for 10-deg incidence case.

Fig. 19 Comparison of computed and experimental surface pressure distributions at spanwise station C for 10-deg incidence case.

characteristicsare similar to those observed in two-dimensionalcal-
culations on highly resolved grids.33

After stall, the computationsfail to converge adequately,produc-
ing large variations in the lift coef� cients. The average, as well as
the minimum and maximum of these computed lift coef� cients are
plotted in Fig. 20. Note that poststall computed values averaged in
this manner follow the experimental values fairly closely, although
the range of computed min–max values is rather large. That the
coarse grid computations provide a closer prediction of the Clmax

point in this case must be consideredfortuitousand probablycannot
be generalized to other cases.

Figure 21 provides a comparison of computed and experimental
drag coef� cients vs angle of attack, whereas the correspondingdrag
polar plots are given in Fig. 22. The drag valuesappear to be reason-
ably well predicted,with the � ne grid values agreeing most closely
with the experimental values. The shape of the curves is well pre-
dicted on both grids up to stall, as are the absolutevalues of drag. In
this case, the low Mach number preconditioning has a nonnegligi-
ble effect on the drag values, providing even closer agreement with
experiment for the � ne grid case than the unpreconditioned case.
In fact, the agreement with experiment is very close. For example,

at 10-deg incidence, the � ne grid preconditioned value is 0.1810,
whereastheexperimentalvalueis 0.1800,with only 10 countsdiffer-
ence between the two values. More experience with large-scale un-
structuredgrid computationswill be requiredto determinedwhether
this level of agreement can be relied on or is simply fortuitous.Al-
though computed pitching moments have not been examined, the
level of agreement between computed and experimental pitching
moments can be expected to be similar to that achieved for the lift
coef� cients.

A two-dimensional cut of the computed Mach contours on the
� ne grid is shown in Fig. 23. Qualitatively, these solutions appear
to approach the type of resolution typically used in common two-
dimensional calculations. However, isolated � ow features such as
the slat wake are not captured adequatelybecause there has been no
effort to anisotropically increase grid resolution in these areas.

The 3:1£106 pointgridcaseswere run on an SGI Origin2000ma-
chine and a Cray T3E-600 machine. The scalability of this case on
these machines is similar to that shown in Figs. 10 and 11. This case
requires a total of 7 GB of memory and 80 min on 128 processors
(250 MHz) of the Origin 2000 or 62 min on 256 processors of the
Cray T3E-600 for a 500 multigrid cycle run.
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Fig. 20 Comparison of computed and experimental lift coef� cients as
a function of angle of attack.

Fig. 21 Comparison of computed and experimental drag coef� cients
as a function of angle of attack.

Fig. 22 Comparison of computed and experimental drag polars.

Fig. 23 Computed Mach contours on two-dimensional plane de� ned
by spanwise station A for 16-deg incidence case on � ne (24:7 £ 106 point)
grid.

Fig. 24 Observed speedups for 24:7 £ 106 point grid case on 1520-
processor Cray T3E-1200e.

The 24:7 £ 106 point case was run mostly on the Cray T3E-600
machine using 512 processors. This case requires 52 GB of mem-
ory, and 4.5 h for 500 multigrid cycles, which includes 30 min of
I/O time to read the grid � le (9 GB) and write the solution � le
(2 GB). A total of 18 different cases have been computed on this
� ne grid.Althoughthese are large calculations,they are entirelyfea-
sible on existing production machines, such as the NASA Goddard
Research Center T3E or the National Aerospace Simulation (NAS)
256-processorSGI Origin2000.Furthermore,in a productionmode,
the solutiontimes couldbe further reduced(by up to a factorof 2) by
using solutionsat previouslycomputed angles of attack as the start-
ing point for additional incidence cases and using fewer multigrid
cycles.

During the courseof this work, a uniqueopportunitywas afforded
to perform benchmark runs on a large Cray T3E-1200e machine.
The Cray T3E-1200e contains600-MHz DEC Alpha processors,as
well as an upgradedcommunicationchip, as compared to the afore-
mentionedT3E-600 (300-MHzprocessors).This particularmachine
contained1520processors,eachwith a minimumof256MB perpro-
cessor.Figure 24 shows the speedupsobtainedby the singlegrid and
by the � ve-leveland six-levelmultigrid runs on the 24:7£106 point
grid runningon256,512,1024,and1450processors.Thesingle-grid
computations achieve almost prefect scalability up to 1450 proces-
sors, whereas the speedups achieved by the multigrid runs are only
slightly below the ideal values. The six-level multigrid case could
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Table 1 Timing and estimated computational rates
for 24.7 £ 106 point grid case on various

Cray T3E con� gurationsa

Platform Number of processors Time/Cycle GFLOP/s

T3E-600 512 28.1 22.0
T3E-1200e 256 38.3 16.1
T3E-1200e 512 19.7 31.4
T3E-1200e 1024 10.1 61.0
T3E-1200e 1450 7.54 82.0

aFive multigrid levels.

not be run on the maximum number of processors because the par-
titioning of the coarsest level resulted in empty processors with no
grid points.Whereas this does not representa fundamentalproblem,
the software was not designed for such situations. In any case, the
� ve-levelmultigrid runs are the most ef� cient overall because there
is little difference in the convergencerate between the � ve- and six-
level multigrid runs, as shown in Fig. 15. The single-grid results are
includedsimplyfor comparisonwith themultigridalgorithmand are
not used for actual computationsbecause convergenceis extremely
slow.

The computation times are given in Table 1. Computational rates
are obtained by linear scaling according to wall clock time with
smaller problems run on the Cray C90 using the hardware perfor-
mance monitor for million � oating-pointoperationsratings.On 512
processors, the � ve-levelmultigrid case requires19.7 s per cycle, as
compared to 28.1 s per cycle on the 512-processor Cray T3E-600,
which corresponds to an increase in speed of over 40% simply due
to the faster individual processors. On 1450 processors, the same
case required 7.54 s per cycle, or 63 min of computation for a 500-
multigridcycle run.A complete run required92 min, which includes
29 min of I/O time. No attempt at optimizing I/O was made, and
it is felt that substantial reductions in the I/O could be achieved by
changes in both hardware and software con� guration.

Because the 24:7 £ 106 point grid was run on 256 processors of
this machine, simple scaling arguments show that such a machine
would be capable of solving over 100 £ 106 grid points in several
hours. However, for computations of this size, the bottleneck of
sequential preprocessingmust � rst be addressed.

X. Conclusions
A complete approach for simulating high-lift � ows using highly

resolved unstructured grids has been presented. Unstructured grid
generationfor complex high-lift geometries can be accomplishedin
a matter of days, and the � ow solution can be achieved in several
hours on existing production supercomputers.Good agreement be-
tween computed and experimental pressure coef� cients and force
coef� cients as a functionof angle of attackhas been shown for a full
aircraft con� guration. Good drag prediction has been obtained, al-
though the lift values and Clmax location are slightly overpredicted.
Goodscalabilityof these computationshas beendemonstratedusing
up to 1450 processors, although the solution of substantially larger
problemswill require the resolutionof bottlenecksin preprocessing,
I/O time, and network � le transfer.

Additional work is required to enhance the robustnessof the low
Mach number preconditioner particularly for � ne grids. Accurate
resolution of isolated � ow features, such as slat wakes, will require
more research into novelgrid-generationtechniquesto increaseres-
olution in these regions and/or increased use of adaptive meshing
techniques.
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